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This is a historical breakthrough which solved the complexity theoretical question PRIMES (distinguishing prime numbers from composites) in deterministic polynomial time. The results excels not only by its
importance but also by the elegance and simplicity of the arguments. Thus, the reader of this note is well
advised to consult the original paper.
If n is an integer to be tested for primality, all previous algorithms to this respect did use some version
of the Pocklington Lemma, thus essentially seeking elements α ∈ A(n) of high order in some group A(n)
related to n – for instance A(n) = Z/nZ.
Compared to this, the idea of AKS consists in considering a certain subgroup
×

G ⊂ A(n) = (Z[ζ]/ (n · Z[ζ]))

as an abelian group with generators; here ζ ∈ C is a primitive rth root of unity and r is an integer
2
satisfying the crucial size restriction ordr (n) = (#⟨n mod r⟩) > (2 log(n)) .
The test of AKS essentially consists in verifying that
(ζ + a)n ≡ ζ n + a mod nZ[ζ]

for 1 ≤ a ≤ ℓ and ℓ = ⌊φ(r) log(n)⌋.

(t)

If these and some simple additional conditions on r, n are veriﬁed, then n is prime.
The proof is based on the concept of introspection: let p | n be a possible prime divisor. A pair (α, m) , α ∈
Z[ζ], m ∈ Z with (m, r) = 1 is introspective (with respect to p) if αm ≡ σm (α) mod pZ[ζ], with σm the
Galois map given by ζ → ζ m ; introspection is multiplicative with respect to both components. Let A be
the multiplicative group generated by {a + ζ : 1 ≤ a ≤ ℓ} ⊂ Z[ζ] and I = {pi · nj : i, j ≥ 0} ⊂ N. Then the
product A × I is introspective for given p; if ℘ ⊂ Z[ζ] is some maximal ideal over p, then G = A mod ℘ is
a subgroup of the multiplicative group of a ﬁeld o characteristic p. If n is not a power of p then Agrawal,
Kayal and Saxena use the above introspection relations in order to derive contradictory upper and lower
bounds on the size of G, which is the group with fgenerator mentioned above. This proves the consistency
of the algorithm.
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