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The controlled system with a small parameter ε > 0
dxs = f (xs , ys , αs )ds + σ(xs , ys , αs )dWs ,
x 0 ∈ Rn ,
1
1
dys = g(xs , ys , αs )ds + √ τ (xs , ys , αs )dWs , y0 ∈ Rm ,
ε
ε

(1)

is considered where Ws is a r-dimensional Brownian motion, and the optimal control problem of minimizing the cost functional
[∫

t

J(t, x, y, α) = E(x,y)

]
l(xs , ys , αs )ds + h(xt , yt ) ,

0

as α varies in the set of admissible control functions A(t). This is a model of systems where some state
variables, ys here, evolve at a much faster time scale than the other variables, xs . Passing to the limit
as ε → 0+ is a classical singular perturbation problem. Its solution leads to the elimination of the state
variables y and the reduction of the dimension of the system from n + m to n. Of course the limit control
problem keeps some informations on the fast part of the system.
There is a large mathematical and engineering literature on singular perturbation problems in control,
both in the deterministic (σ ≡ 0, τ ≡ 0) and in the stochastic case. The authors begin with the methods
that aim at deriving directly an explicit description of the limit system. The ﬁrst approach is the order reduction method originated in the work of Levinson and Tikhonov on ODEs and extended to deterministic
control systems. For deterministic systems with more general asymptotic behavior of the fast variables
the classical averaging method for ODEs of Krylov and Bogolyubov was developed to the theory of limit
occupational measures for control systems by others authors. Stochastic systems with uncontrolled fast
dynamics (g = g(x, y), τ = τ (x, y)) were studied by Bensoussan.
The controlled case appears much more diﬃcult and some results were obtained only in last ten years. A
diﬀerent approach to the singular perturbation problem consists of studying the limit as ε → 0+ of the
value function
uε (t, x, y) = inf J(t, x, y, α)
α∈A(t)

and characterizing it as the unique solution of a limiting Hamilton-Jacobi-Bellman equation (HJB). This
approach starts from the HJB equation in Rn+m satisﬁed by uε , that in the deterministic case is of ﬁrst
order
(
uεt

+ max
α∈A(t)

Dy uε
− f (x, y, α) · Dx u − g(x, y, α) ·
− l(x, y, α)
ε
ε

)
= 0,

and in the stochastic case is of second order
uεt

)
(
ε
ε
Dxy uε
ε Dy u
ε Dyy u
= 0,
, Dxx u ,
, √
+ max L x, y, Dx u ,
ε
ε
ε
α∈A(t)
α

where Lα is the generator of the process in (1) with the constant control α and ε = 1. One expects that
the limit u(t, x) does not depend on y and solves a PDE in Rn governed by an eﬀective Hamiltonian H.
It turns out that H is the value of an ergodic control problem in Rm for the fast subsystem with frozen
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slow variable x and ε = 1. Once this is found, one tries to prove that the limit of uε solves the eﬀective
PDE
ut + H(x, Dx u, Dxx u) = 0.
If this PDE, with suitable initial conditions, has at most one solution, then we have a characterization
of the limit u(t, x) and a way to compute it, at least in principle, by solving a lower dimensional PDE.
The theory of viscosity solutions for ﬁrst order and for second order, degenerate parabolic, fully nonlinear
equations is the natural framework for this approach.
The purpose of the present paper is to provide a reference framework for the study of singular perturbations with PDE methods in the generality of stochastic diﬀerential games, by complementing the
abstract theory with several sets of conditions that make it work successfully. The main part concerns
the properties of ergodicity and stabilization.
Let us point out the main additions that this paper makes to the existing literature. First of all it gives
a general uniﬁed method for studying singular perturbations for deterministic and stochastic systems,
and for one as well as two completing controllers. Usually the assumptions and the methods are quite
diﬀerent in the deterministic and the stochastic setting.
Ergodic control has independent interest and a large literature. The contribution of the authors is essentially in the extension from the case of a single player to games.
The results about stabilization are entirely new, although the methods are inspired by those employed
for ergodicity.
Finally, let us mention that the authors extended some results of this paper to problems with an arbitrary
number of scales.
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