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The goal of this paper is to extend the deterministic, ﬁnite horizon, theory of diﬀerential games to
the stochastic case. The dynamics are given by the Ito equation with controlled diﬀusion dξ(τ ) =
f (τ, ξ, η, ζ)dτ + σ(τ, ξ, η, ζ) dw(τ ) on (τ ,T], with ξ(t) = x. Player η is the maximizer and player ζ is
the minimizer of the payoﬀ
∫
Pt,x (η, ζ) = Et,x {

T

h(r, ξ(r), η(r), ζ(r))dr

+

g(ξ(T ))}.

t

One of the diﬃculties encountered in the stochastic case that is not present in the deterministic version is
that the strategies for the players must be deﬁned to be nonanticipating with respect to controls and with
respect to the process w(·). This results in a very technical measurability question in proving that the
upper and lower value function V ± deﬁned using Elliott and Kalton’s formulation of diﬀerential games,
actually are viscosity solutions of the upper and lower Isaacs equation, respectively. Of course this is now
a second order, parabolic, possibly degenerate if the diﬀusion degenerates, pde. The authors are able to
circumvent this problem by introducing “restrictive strategies”. Let V1± denote the upper and lower value
functions using the restrictive strategies and let v, respectively u, be the unique viscosity solutions of
the lower, respectively upper Isaacs equations. By developing the dynamic programming principle the
authors are able to prove that V1− ≤ v and V1+ ≥ u. It is then proved that V − ≥ v and V + ≤ u. Since it
is also true that V − ≤ V1− and V1+ ≥ V + , it then follows that equality holds. The principle result then is
that the upper and lower value functions deﬁned without the use of the restrictive strategies will be the
unique viscosity solutions of the corresponding Isaacs equation.
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