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Let M be a smooth manifold, G a Lie group with the Lie algebra g, ξ = {gU V } a G-bundle over M .
#
#
Then ξ # = {gU
V }, (gU V (γ))(t) = gU V (γ(t)), γ ∈ ΩM , is an ΩG-bundle over ΩM . Here ΩM and ΩG are
loop space and loop group over M and G, respectively. If ξ is the tangent bundle τ of M , then τ # is the
e be the basic central
tangent bundle of ΩM . So the study of loop group bundles has meanings. Let ΩG
1
2
1 ∼
3
extension of ΩG. Then the obstruction e
c (η) ∈ H (X, S ) = H (X, Z) for the lifting of the structure
e has been deﬁned and is named ‘string class’.
group of an ΩG-bundle η = {hU V }, over a space X, to ΩG
If X is ΩM and η is τ # , then the transgression image of this class is the ﬁrst Pontryagin class of M
[T. P. Killingback, World-sheet anomalies and loop geometry, Nucl. Phys., B – Part. Phys. 288, 578-588
(1987)]. Precisely saying, the torsion part needs more delicate discussions [cf. K. Pilch and N. P. Warner,
Commun. Math. Phys. 115, 191-212 (1988; Zbl 0661.58038)].

In this paper, assuming G = U (n), characteristic classes e
cp (η) ∈ H 2p+1 (X, R), p = 1, 2, . . ., of η are
deﬁned as the generalization of the (real) string class. Their deﬁnitions are as follows: Let {θU } be a
connection form of η with the curvature form {ΘU }. Then there is a 0-cochain of 2p-forms {Ψp,U } such
R1
−1
′
′
that 0 tr(ΘpU gU
means derivation with respect to the loop
V gU V )dt = Ψp,V − Ψp,U for any p. Here
R1
p
′
variable t. Then Φp,U = 0 tr(ΘU ∧ ΘU )dt − dΨp,U deﬁnes a global closed (2p + 1)-form on X and its de
Rham class is determined by η. e
cp (η) is deﬁned to be the de Rham class of {Φp,U } (Lemma 6 and 7). It
1
is shown that e
c (η) coincides with the above string class (as a real class, Theorem 3) and the following is
shown:
R
√
(i) Deﬁne a G-bundle η ♮ over X×S 1 by η ♮ = {h♮U V }, h♮U V (x, t) = (hU V (x))(t); then e
cp (η) = −(2π −1)p+1 p! S 1Chp+1 (η ♮ )d
holds. Here Chp+1 (η ♮ ) is the (p + 1)-th Chern character of η ♮ (Theorem 2).
−1
q+1
(ii) Let
R) → H q (ΩM, R) be the inverse of the transgression map. Then e
cp (ξ # ) =
√ τ p+1: H−1 (M,p+1
−(2π −1) p!τ (Ch (ξ)) holds (Theorem 4).

(iii) η has the characteristic map g : X → G (Theorem 1) and
√
e
cp (η) = −(2π −1)p+1 (2p + 1)!/(p + 1)!g ∗ (ep+1 )
holds. Here ep+1 is the (p + 1)th generator of H ∗ (U (n), Z) (Theorem 6).
To extend (iii) to the relation between string classes and Chern-Simons classes, the notion of 2-dimensional
non-abelian de Rham cocycle with respect to ΩG is introduced. Then the above results are extended to
2-dimensional non-abelian de Rham cocycles with respect to ΩG. In this case, string classes may become
fractional classes and the characteristic map may become a many-valued map. Detailed deﬁnitions of
e
this cocycle and its connection and curvature are given in Section 1. Precise properties of Ωg-valued
e
connections are also given. Here Ωg means the basic central extension of Ωg. Properties of the central
e
extension part of a Ωg-valued
connection give the prototype of the deﬁnition of e
cp (η). The rest of the
paper is devoted to the proofs of (i), (ii) and (iii).
For the entire collection see [Zbl 0764.00002].
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