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This paper is intended to be an introduction to a heat kernel approach to some problems in complex
geometry. Aim is to indicate an entirely new method of constructing holomorphic (or more generally
harmonic) sections of vector bundles over complex manifolds by using heat kernel estimates. Let X is a
compact complex analytic manifold of dimension n, endowed with a hermitian metric ω and associated
n
volume element dV = ωn! , E (resp. L) is a hermitian holomorphic vector bundle of rank r (resp. 1). For a
global C ∞ (0, q)− form σ of E(k) = E ⊗ L⊗k , |σ(x)|2 denotes the pointwise length induced by the given
metrics.
n ∫
i
Theorem 1.2. For any q = 0, . . . , n, dim H q (X.E(k)) ≤ (−1)q r kn! X(q) ( 2π
c(L))n + o(k n ).
Theorem 1.3 (generalized Kodaira vanishing). If the curvature of L has at least n − q + 1 positive
eigenvalues everywhere on X, then H i (X, E(k)) = 0 for i ≥ q as soon as k is suﬃciently large. Let the
family h1 , . . . , hm be an L2 orthonormal basis of the space Hq (X, E(k)) of harmonic (0, q)− forms, then
∑m
2
the distortion function is deﬁned by: bqk (x) = j=1 |hj (x)| .
Theorem 2.1. If the curvature of L has constant signature q(i.e.X(q) = X) then the following asymptotic
i
estimation holds: bqk ∼ r(−1)q detω 2π
c(L)x (k n + o(k n )) uniformly over X.
Theorem 3.1. Fix x0 ∈ X. Then, for any k ≥ 0 there exists a√global section σk of E(k) of unit L2
norm
such that for any geodesic ball of radius rk such that rk k → +∞, the following bound holds
∫
2
|σk | dV ≥ 1 − o(1). Where o(1) means some quantity tending to zero when k → +∞. Moreover,
B(x0 ,rk )
|σk (x)|2 = o(k n ) uniformly on compact subsets of X\{x0 }.
Corollary 3.1 (Kodaira embedding theorem). If L is positive, the map ΦkL : X → P(H 0 (X, Lk )∗ ) deﬁned
by the linear system |kL| is a projective embedding for k suﬃciently large.
For the entire collection see [Zbl 0859.00021].
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